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Abstract
The problem under consideration is a degenerate parabolic equation with hysteretic terms. We
establish existence and uniqueness of solutions with given initial data and investigate their main
properties. An example of explicit self-similar solution is presented.
 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
We consider nonnegative solutions of equations{
θ˙ =p,
p ∈ (1+ κ Sign θ˙ )θm, 0 < κ < 1, m > 0, (1)
where θ˙ → Sign θ˙ is the standard multi-valued graph.
These equations describe water flows in unsaturated porous media and account for a
simple form of capillary hysteresis in relation between saturation (θ ) and pressure (p). In
fact, θ and p correspond to some functions of water saturation and pressure, respectively,
but we are going to call them so in order to indicate where they have come from.
We employ homogeneous Neumann condition for the pressure on the boundary of a
bounded domain Ω ⊂ Rd containing all this stuff. Initial saturation θ(0) is assumed to be
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appropriate sense and to investigate the main properties of their solutions.
The system (1) is followed by relation
p ∈ (1+ κ Signp)θm. (2)
For a given profile of saturation, the relation (2) supplemented by Neumann boundary
conditions is a generalized elliptic problem with respect to pressure. Its solution, p = P(θ),
has to be substituted into the first equation of the system (1). The original initial value
problem, therefore, can be written in the form of the following evolutionary equation:
θ˙ = A(θ), A(θ) :=P(θ), (3)
where the mapping θ → A(θ) can be treated as an unbounded operator in some Banach
space.
As the main result of the paper, it is proved that, for any nonnegative bounded θ(0), the
problem (3) has a unique bounded solution θ(t) which is continuous in t and has a strong
derivative θ˙ for almost all t > 0 in L1+ε(Ω) with some ε > 0. The key point of the study
is the fact that A(·) is a dissipative operator with respect to L1-norm; this provides the
possibility to introduce the semigroup solution of Eq. (3).
Note that equality (3) is not a partial differential equation because the operator A(·) is
not local. Formally, A(θ)= (1 ± κ)θm in the zones where θ˙ > 0 or θ˙ < 0, respectively,
but in the remaining part of Ω , where θ˙ = 0, the variables p and θ are not linked by a
single valued relation. In this part we have two equations, θ˙ = 0 and p = 0, and the
inequalities (1 − κ)θm  p  (1 + κ)θm. The zones are not given a priori, hence the
system (1), supplemented by some natural matching conditions, looks like a free boundary
problem. This interpretation, however, does not seem to be helpful in things appertaining
to existence and uniqueness of the solution.
At each point x ∈Ω , the second relation in Eq. (1) with a given p(t) can be considered
as a generalized ordinary differential equation with respect to θ(t). Typical capillary curves
p = p(t), θ = θ(t) on the plane p versus θ are shown in Fig. 1. The corresponding memory
dependent operator {θ(0),p(·)}→ θ(·) is known in literature as play-type hysteresis (see,
for instance, the book by [17]). Its distinguishing property is that all capillary curves
Fig. 1. Capillary curves in the model of play-type hysteresis.
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θ are parallel to the axis of input variable p.
For the problems of multiphase transport in porous media the capillary relation in the
form of play-type hysteresis has been introduced, from physical point of view, by [5].
Numerical studies of the system (1) are presented by [6]. An important advantage of this
model is the fact that Eq. (1a) coupled with any other hysteretic capillary relation needs
more initial data to be given, and this can be unlikely in engineering applications.
If κ = 0 then the relation between p and θ is single valued. In this case we get the
standard porous medium equation θ˙ = θm which had been so much studied in view of
properties of its nonnegative solutions that there is no hope to add more (see [1] or [15] and
numerous references there). On the other hand, parabolic equations with hysteresis have
also been studied a lot. For instance, hysteretic relations
p ∈ θ + Sign θ˙ (4)
or
p ∈ v + Sign v˙ where v = θ − κp
in combination with Eq. (1a) have been considered in the book by [18] and in papers by [4]
and [12]. The fact that these relations are semi-linear with respect to p and θ , simplifies
the study considerably and eliminates all specific properties of models with degenerate
diffusion. That is why, it seems reasonable to consider the model (1) which includes both
hysteresis and degeneration of parabolicity coefficients.
Among other related papers, we mention [16] and [14] where Eq. (1a) had been coupled
with hysteretic relation
p(1−m)/mp˙ ∈ (1+ κ Sign θ˙ )θ˙ .
In this problem the variable θ˙ can be excluded. Then the system becomes a differential
equation with respect to pressure p. It can be treated by means of parabolic PDE theory
because hysteresis is gone.
The structure of the paper is the following. In the next section we introduce a family
of explicit solutions of the system (1) in order to get a feel for the main properties of the
model. Some auxiliary results relating to the operator P(·) are presented in Section 3. Then,
in Section 4, we consider semigroup solutions of Eq. (3). Their strong differentiability is
proved in Section 5.
2. Similarity solutions
We present a family of explicit self-similar solutions of the system (1) in R1 such that
θ(t, x) vanishes as x →±∞, and θ(t, x)→Mδ(x) as t → 0+, where δ(x) is the Dirac
measure, and M stands for the mass of solution that is the integral of θ(t, ·) over R1. In the
no-hysteresis case, that is when κ = 0, these solutions coincide with those introduced by
Barenblatt [3].
Remark 1. Barenblatt’s solutions are proved to be the leading term of large-time
asymptotics for all solutions of the porous medium equation with a given mass M (see
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conjecture.
The symmetry of the problem under consideration allows us to seek for solutions in the
form
θ = t− 1m+1Θ(ξ), p = t− mm+1H(ξ), ξ := x · t− 1m+1
for t > 0. This class of self-similar solutions is in relation with the following re-scaling
property: If θ(t, x) and p(t, x) satisfy (1) then functions
λθ
(
λm+1t, λx
)
, λmp
(
λm+1t, λx
) (5)
are also solutions of (1) for any λ > 0. The above class of solutions is the set of fixed points
of transformations (5).
In accordance with Eq. (1), we have the following relations for the unknown functions
Θ(ξ) and H(ξ):{−(m+ 1)−1(Θ + ξΘ ′)=H ′′,
H ∈ (1+ κ SignH ′′)Θm, (6)
where the primes denote derivatives w.r.t. ξ .
We impose assumptions on the structure of the solution. Let the solution Θ(·) be an
even function, and there exist an unknown a priori number η∞ +∞, such that Θ > 0 for
all ξ ∈]−η∞, η∞[ and Θ = 0 for |ξ | η∞. We assume that there are numbers η∗  η∗∗
in the interval ]0, η∞[, such that:
H ′′ < 0 if 0 < ξ < η∗, H ′′ = 0 if η∗ < ξ < η∗∗ and
H ′′ > 0 if η∗∗ < ξ < η∞.
Then the relations (6) provide a single valued link between Θ(ξ) and H(ξ) in the zones
0 < ξ < η∗ and η∗∗ < ξ < η∞, and we have to solve a second-order ordinary differential
equation for a single unknown function in each of these zones. In the zone η∗ < ξ < η∗∗ we
still have two functions to be determined from two equations, Θ + ξΘ ′ = 0 and H ′′ = 0,
and the inequalities (1− κ)Θm H  (1+ κ)Θm.
The equations for Θ and H admit explicit solutions. In order to determine the constants
of integration and the numbers η∗, η∗∗ and η∞, it is natural to assume continuity of the
functions Θ , H and H ′ on the boundaries of the zones. These conditions happen to be
sufficient to solve the problem. We present the result of straightforward calculations in the
following.
Proposition 2. Under the above assumptions on the structure and continuity of the
solutions, Θ(ξ) and H(ξ) are unique for any given mass M > 0 of the solution. The
solutions are compactly supported if m> 1, otherwise η∞ =+∞.
It suffices to present explicit formulas for a solution with a fixed value of mass M . Then
solutions with other M-s can be obtained by re-scaling (different from (5)):
θ(t, x)→ λθ(λm−1t, x), p(t, x)→ λmp(λm−1t, x).
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η∗∗ = (m(m+ 1)(1+ κ)) 1m+1 ,
and η∗ is the minimal positive solution of equation
η+ (m+ 1)(1− κ)η−m = η+ (m+ 1)(1+ κ)η−m|η=η∗∗ .
The value of η∞ equals to +∞ if 0 <m 1, and ((m+ 1)/(m− 1))1/2η∗∗ otherwise.
In the interval η∗ < ξ < η∗∗ the functions Θ and H are given by expressions
Θ = 1
ξ
, H =− ξ
m+ 1 +
η∗∗
m
.
In the other two zones, 0 < ξ < η∗ and η∗∗ < ξ < η∞, we have H = (1 ∓ κ)Θm,
respectively, and the formulas for Θ(ξ) reads:
Θm−1(ξ)=
(
1
η∗
)m−1
+ m− 1
2m(m+ 1)(1− κ)
(
η∗2 − ξ2)
and
Θm−1(ξ)=
(
1
η∗∗
)m−1
+ m− 1
2m(m+ 1)(1+ κ)
(
(η∗∗)2 − ξ2)
where m = 1. If m= 1 then the formulas for Θ can be obtained from these two by taking
the limit m→ 1.
The graph of Θ(ξ) is plotted in Fig. 2. Its behavior at ξ = η∞ is shown for the case
m= 2.
Note that for m > 2 the function Θ ′ has a singularity at the point ξ = η∞ where the
saturation profile degenerates. Besides, the self-similar solution is not smooth for any
m> 0 at the point ξ = η∗ where Θ is strictly positive. This suggests that we cannot expect
typical solutions to be very regular functions even if the initial data are smooth.
Fig. 2. Saturation profile for m= 2.
130 A. Beliaev / J. Math. Anal. Appl. 281 (2003) 125–1373. Operator P(θ)
Elliptic problem (2) belongs to the well-known class of problems with unilateral
constraints (see [10] or [11]). It can be represented in the form of the following variational
principle:
E(θ) := inf
{∫
Ω
1
2
(∇p)2 dx; p: P−  p  P+ a.e.
}
(7)
where P± := (1 ± κ)θm. If the domain of this functional is not empty then its minimizer
p = P(θ) exists and solves, in some mild sense, the problem (2). The minimizer, however,
may be non-unique. This can happen if and only if ess supP− < ess infP+. Then the
minimizer is any constant between these two, and the minimum equals to zero. In any case,
the gradient of the minimizer is unique, and the operator θ →P(θ) from Eq. (3) is single
valued. Looking forward, we point out that, in accordance with Eq. (3), if ∇p(t∗)= 0 for
some t∗  0 then θ(t)≡ θ(t∗) and ∇p(t)≡ 0 for any t  t∗. Therefore, saturation profiles
corresponding to non-unique minimizers can be disregarded.
Let us denote by L(α,β)1 (Ω) ⊂ L1(Ω) the closed set of measurable functions on Ω with
values in [α,β]. We introduce the domain of P(·) as follows:
D(P)= {θ ∈ L(0,β)1 (Ω): ∃p: ∇p ∈ L2(Ω) and P−  p P+ a.e.}.
Then P(·) is defined everywhere on D(P).
Later on there will be a need for solutions of the following regularized version of the
elliptic problem (2):
p ∈ (1+ κ Signp)(θ + τp)m (8)
where τ > 0 is a damping coefficient. The relation (8) can be resolved with respect to p,
and the result reads:
τp= Ψp(p, θ) (9)
with some continuous single valued function Ψp(· , ·) of two nonnegative variables. Its
explicit formula reads:
Ψp(p, θ)=


(p/(1+ κ))1/m − θ if p  P+,
0 if P− <p < P+,
(p/(1− κ))1/m − θ if 0 p  P−.
It is important that Ψp(p, θ) is positive (negative) if p > (1 + κ)θm (respectively, p <
(1 − κ)θm) and equal zero in the zone (1 − κ)θm  p  (1 + κ)θm. Besides, it increases
in p and decreases in θ .
We introduce notation Ψ (p, θ) for that primitive of Ψp(p, θ) with respect to p which
is equal zero in the zone P−  p  P+. Let Ψθ(p, θ) stand for the derivative of Ψ (p, θ)
w.r.t. θ . It is easy to check that Ψ (p, θ) is convex in each of the two variables, and
0 Ψ (p, θ)−Ψp(p, θ) ·Ψθ(p, θ) (10)
for any nonnegative p and θ .
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Eτ (θ) := inf
{∫
Ω
(
τ−1Ψ (θ,p)+ 1
2
(∇p)2
)
dx; p  0 a.e.
}
. (11)
In contrast with (2), the solution of the regularized problem exists for any θ ∈ L(0,β)1 (Ω)
and satisfies Eqs. (8) or (9) and zero Neumann boundary conditions in the traditional sense.
The uniqueness holds under the same condition as for the problem (7). Let us denote the
solution by p = Pτ (θ).
We present properties of the operator θ → Pτ (θ) in the following.
Proposition 3.
(i) For any θ ∈ L(0,β)1 (Ω) the function u := θ + τPτ (θ) belongs D(P) and P(u) =
Pτ (θ);
(ii) The following estimates hold for any θ ∈ L(0,β)1 (Ω) (and for one of the representatives
of Pτ (θ) in the case of non-uniqueness):
ess inf(1+ κ)θm  Pτ (θ) ess sup(1− κ)θm (12)
and
ess inf θ  u ess sup θ;
(iii) Up to a representative, the operator Pτ (·) is order preserving, namely, if θ1  θ2 a.e.
on Ω then Pτ (θ1) Pτ (θ2);
(iv) For any θ1, θ2 ∈L(0,β)1 (Ω)
Eτ (θ2)−Eτ (θ1) 1
τ
∫
Ω
Ψθ
(
Pτ (θ1), θ2
)
(θ2 − θ1) dx. (13)
Proof. The item (i) follows from definitions of operators P(·) and Pτ (·) immediately.
The estimates (ii) can be derived from the variational definition of Pτ (·) as follows. Take
the test function p in the variational principle (11) in the form p = min{Pτ (·), ess sup(1−
κ)θm}. This test function provides the value of the functional which is not larger then that
one provided by Pτ (·) because |∇p|  |∇Pτ (·)| and Ψ (p, θ)  Ψ (Pτ (θ), θ) everywhere
on Ω . Since Pτ (·) is a minimizer, then the test function p is a minimizer too, and p = Pτ (·)
up to a representative. This provides one of the estimates (12). The other one is obtained
in the same way. Then from the equality u= θ +Ψp(Pτ (θ), θ) we get the estimates for u.
The order preservation property (iii) follows from the fact that the r.h.s. of Eq. (9) is a
monotonically decreasing function of θ (see, for instance, [10, Chapter I]).
In order to prove (iv), let us denote Pτ (θ1) by p1 and make use of the relation
Eτ (θ1)+ 1
τ
∫
Ω
(
Ψ (p1, θ2)−Ψ (p1, θ1)
)
dx
=
∫ {1
τ
Ψ (p1, θ2)+ 12 (∇p1)
2
}
dx Eτ (θ2).Ω
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Ψ (p1, θ2)−Ψ (p1, θ1) Ψθ(p1, θ2)(θ2 − θ1)
due to convexity of Ψ in θ , we get the estimate (13). ✷
4. Semigroup solutions
It can happen that, for some θ ∈ D(P), the solution p = P(θ) of the generalized
elliptic problem (2) satisfies zero Neumann boundary condition in the sense of traces, and
p ∈ L1(Ω). We denote by D(A) the set of all θ ’s obeying this property. This set is dense
in the set L(0,β)1 (Ω) with respect to the norm of L1(Ω). In particular, smooth nonnegative
functions θ on Ω satisfying homogeneous Neumann boundary conditions belong D(A).
We are going to treat Eq. (3) in the framework of the nonlinear semigroup theory. To
this end, for any τ > 0 and θ ∈L(0,β)1 (Ω), let us consider the following problem:
u− τA(u)= θ, u ∈D(A). (14)
The solvability of this problem is evident: Take u = θ + τp with p = Pτ (θ). Then,
in accordance with Proposition 3, we have p = P(u) and, therefore, A(u) ≡ P(u) =
τ−1(u− θ).
We denote the solution of (14) by u= Jτ (θ).
Proposition 4 (Comparison principle). The operator θ → Jτ (θ) is order preserving.
Proof. For any two nonnegative functions θ1,2 ∈ L(0,β)1 (Ω) such that θ1  θ2 a.e., let us
introduce notations u1,2 = Jτ (θ1,2) and p1,2 = Pτ (θ1,2)= P(u1,2). We have to prove that
u1  u2 a.e. on Ω .
For those x ∈Ω where u1 > u2, we would have
τp1 − τp2 = θ2 − θ1 + u1 − u2 > 0.
Therefore, either p1 > 0 or p2 < 0. If p1 > 0 then from equality u1 = θ1+Ψp(p1, θ1)
we get p1 = (1 + κ)um1 . Since p2  (1 + κ)um2 a.e. on Ω , this would imply inequality
p2 <p1 which is in contradiction with Proposition 3. In the other case, if p2 < 0, we get
p2 = (1 − κ)um2 . Then, since p1  (1 − κ)um1 a.e., we would obtain the relation p1 > p2
again. Thus, the inequality u1 > u2 is impossible. ✷
Corollary 5. For any τ > 0 and β > α  0 the operator Jτ (·) :L(α,β)1 → L(α,β)1 is a
contraction with respect to the norm of L1(Ω).
Proof. Since Jτ (const)= const, the operator Jτ satisfies the maximum principle and maps
the set L(α,β)1 on itself. Furthermore, the mapping θ → Jτ (θ) satisfies mass conservation
law; namely, the integral of Jτ (θ) over Ω is the same as integral of θ . Due to the result by
[9], mass conservation and order preservation provide the contraction property with respect
to L1-norm. ✷
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with initial data θ(0) ∈ L(0,β)1 (Ω) by exponential formula:
θ(t)= lim
n→∞ J
n
t/nθ(0) (15)
where the limit in strong topology of L1(Ω) is uniform in t on bounded intervals (see [7]
or [2, Theorem 1.3, Chapter III, p. 104]). The mapping θ(0) → θ(t) is an order preserving
semigroup of contractions in L(α,β)1 (Ω) for any β > α  0.
Another way to define the same semigroup solution is provided by Iosida approximation
of the evolutionary equation (3). It reads:{
θ˙τ =pτ ,
pτ ∈ (1+ κ Sign θ˙τ )(θτ + τ θ˙τ )m.
(16)
It can also be written in the form
θ˙τ = Aτ (θτ ), Aτ (·) := A
(
Jτ (·)
)≡Pτ (·). (17)
Then the solution of (3) can be determined as the limit of θτ (t) for τ → 0. If θ(0) ∈
L
(0,β)
1 (Ω) and independent of τ , then
θ(t)= lim
τ→0 θτ (t)= limτ→0 Jτ
(
θτ (t)
) (18)
where the both limits are strong in L1(Ω) and convergence is uniform in t on bounded
intervals (see [2, Theorem 1.4, Chapter III, p. 112]).
Remark 6. In the same way as Eq. (3), its regularized version (17) defines an order
preserving semigroup of contractions in L(0,β)1 that satisfies the maximum principle and
mass conservation law. However, in contrast with the operator A, its Iosida approximation
Aτ is Lipschitz continuous with respect to the norm of L1(Ω) (see [2, Proposition 3.2,
Chapter II, p. 73]). Therefore, θτ (t) is continuously differentiable in t , and Eqs. (16) are
satisfied for any t  0.
Remark 7. If m= 1 and δ  θ(0) δ−1 for some δ > 0, then the mapping log (θ(0)) →
log (θ(t)) is a contraction with respect to L∞-norm or, equivalently, the operator u →
e−uA(eu) is dissipative in L∞(Ω). This follows from the comparison principle and first-
order homogeneity of A.
Remark 8. In the case of capillary relation (4) in place of (1b), it is possible to prove that
the mapping θ(0) → θ(t) is an order preserving semigroup of contractions in Lq(Ω) for
any q  1. The case q = 2 has been considered by [4]. In the case q =∞, the contraction
property holds too, but the domain of the semigroup is not dense in L∞(Ω); it contains
C(Ω) as an invariant subset.
5. Regularity of the semigroup solutions
General theory of L1-semigroups provides poor information about regularity of
solutions. We are going to prove that θ(t) is the strong solution, what means that it is
134 A. Beliaev / J. Math. Anal. Appl. 281 (2003) 125–137strongly differentiable in t with respect to the norm of L1(Ω), belongs D(A) and satisfies
Eq. (3) for almost all t > 0. Besides, we establish convergence of pressures pτ = Pτ (θτ )
to the function p = P(θ).
Remark 9. In the semigroup theory it is well known that if the operator A in Eq. (3) is
dissipative then the strong solution is unique and coincides with the semigroup solution
(see [2, Proposition 1.2, Chapter III, p. 110]).
Let us multiply Eq. (16a) by pτ and take integral over Ω . Accounting for relation (16b),
we obtain:∫
Ω
{
θ˙τ (1+ κ Sign θ˙τ )θmτ + (∇pτ )2
}
dx
=
∫
Ω
θ˙τ (1+ κ Sign θ˙τ )
(
θmτ − (θτ + τ θ˙τ )m
)
dx. (19)
The term under integral on the right is non-positive, and we get the following estimate:
∫
Ω
θm+1τ
m+ 1 dx
∣∣∣∣
t2
t=t1
+
t2∫
t1
∫
Ω
{
κ |θ˙τ |θmτ + (∇pτ )2
}
dx dt  0 (20)
for any t2 > t1  0. From this estimate it follows that the sequence∇pτ is weakly compact
in L2(0,+∞;L2(Ω)) as τ → 0 if the initial saturation is bounded and independent of τ .
Let p(t) stand for one of the limit points of pτ .
Let us take into account the eliminated in (20) non-positive term. The expression under
integral on the right of (19) can be written in the form
θ˙τ (1+ κ Sign θ˙τ )
(
θmτ − (θτ + τ θ˙τ )m
)= Ψp(p−1τ , θ−1τ )Ψθ (p−1τ , θ−1τ ). (21)
Then, due to the inequality (10), the following relation holds in addition to (20):
∞∫
0
∫
Ω
1
τ
Ψ (pτ , θτ ) dx dt 
∫
Ω
θm+1(0)
m+ 1 dx. (22)
It results in equality Ψ (p, θ) ≡ 0 due to convexity of Ψ (p, θ) in p for any fixed θ and
strong convergence of θτ (t) to θ(t). This implies that (1 − κ)θm  p  (1 + κ)θm and
θ ∈D(P) for almost all t > 0.
From the inequality (20) it follows that the limit functions, p(t) and θ(t), satisfy
inequality
1
m+ 1
∫
Ω
(
θm+1(t2)− θm+1(t1)+ κ
∣∣θm+1(t2)− θm+1(t1)∣∣)dx
+
t2∫ ∫
(∇p)2 dx dt  0. (23)
t1 Ω
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∫
Ω
(
θ(t2)− θ(t1)
)
q dx +
t2∫
t1
∫
Ω
∇p∇q dx dt = 0 (24)
for any q such that ∇q ∈ L2(Ω).
If we assume for a moment that θ(t) is strongly differentiable in t for almost all t > 0,
then the identity (24) is followed by the facts that p ∈ L1(Ω), θ˙ = p and p satisfies
zero Neumann boundary conditions. In this case, dividing (23) by t2 − t1, taking the
limit t1,2 → t and integrating the term with gradients of pressure by parts, we obtain the
inequality∫
Ω
θ˙
(
(1+ κ Sign θ˙ )θm − p) dx  0 (25)
for almost all t . Since (1 − κ)θm  p  (1 + κ)θm, the l.h.s. of (25) is nonnegative, and
this provides the relation (1b) which is followed by equality p = P(θ(t)). Therefore, if θ(t)
is strongly differentiable in t a.e., then θ(t) ∈D(A), the sequence ∇pτ has a unique limit
point ∇p(t) = ∇P(θ(t)), and Eqs. (1) are satisfied in L1(Ω).
Remark 10. If the condition of strong differentiability of θ(t) in t is replaced by the weaker
assumption that Eq. (3) holds in the sense of distributions, then the solution is not unique.
In the paper by [4] there is an example of a continuous in t function θ(t) which is not
the semigroup solution but satisfies identity (24) with p = P(θ). It is different from the
non-hysteretic case κ = 0, where the uniqueness of weak solutions has been proved by [8].
In order to prove the strong differentiability of θ(t), we obtain from (13) the following
equality:
d
dt
Eτ
(
θτ (t)
)= 1
τ
∫
Ω
θ˙τ ·Ψθ(pτ , θτ )= 1
τ 2
∫
Ω
ΨpΨθ dx.
It is followed by relation
tEτ
(
θτ (t)
)−
t∫
0
∫
Ω
t
τ 2
Ψp(pτ , θτ ) ·Ψθ(pτ , θτ ) dx dt =
t∫
0
Eτ
(
θτ (t)
)
dt (26)
where the r.h.s. is bounded as τ → 0 due to the estimates (20) and (22).
Formula (21) provides the estimate
−Ψp ·Ψθ  τ 2θ˙2τ (1+ κ Sign θ˙τ )min
{
mθm−1τ , m(θτ + τ θ˙τ )m−1
}
due to convexity (concavity) of the function θ˙τ → (θτ + τ θ˙τ )m for m > 1 (respectively,
m< 1). Therefore, the equality (26) is followed by inequality
t∫ ∫
t θ˙2τ min
{
θm−1τ , (θτ + τ θ˙τ )m−1
}
dx dt C (27)0 Ω
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If m 1, then the function min{θm−1τ , (θτ + τ θ˙τ )m−1} is positive uniformly as τ → 0
because θτ and pτ are uniformly bounded. Consequently, if m 1 then the estimate (27)
is followed for any t2 > t1 > 0 by inequality
t2∫
t1
∫
Ω
θ˙2τ dx dt  C′ (28)
where C′ is independent of τ . Since the Banach space L2(t1, t2;L2(Ω)) is reflexive, the
estimate (28) provides existence of the strong derivative θ˙ = dθ/dt in L2(Ω) for almost
all t , as well as the weak convergence of θ˙τ to θ˙ in L2(t1, t2;L2(Ω)).
If m> 1, but the initial data do not degenerate, and θ(0) ∈ L(α,β)1 (Ω) for some α > 0,
then the inequality (28) holds again, and the conclusion about differentiability of θ(t) is
still valid.
At last, in the case if m> 1 and degeneration of initial data is allowed, let us multiply
Eq. (16a) by (−p−s/mτ ) with 0 < s < 1 and take integral over [0, t] ×Ω . We make use of
the following identities:
θ˙τ (−p−s/mτ )=−
κ+
1− s
d
dt
θ1−sτ + κ−|θ˙τ |(θτ + τ θ˙τ )−s + κ+θ˙τ
(
θ−sτ − (θτ + τ θ˙τ )−s
)
=− κ
+
1− s
d
dt
θ1−sτ + κ−|θ˙τ |θ−sτ
+ (1+ κ Sign θ˙τ )−s/mθ˙τ
(
θ−sτ − (θτ + τ θ˙τ )−s
)
where
κ± := 1
2
(
1
(1− κ)s/m ±
1
(1+ κ)s/m
)
.
Accounting for the fact that the expression θ˙τ (θ−sτ − (θτ + τ θ˙τ )−s) is nonnegative, we
obtain
t∫
0
∫
Ω
(
κ−|θ˙τ |max
{
θ−sτ , (θτ + τ θ˙τ )−s
}+ s
m
p−1−s/mτ (∇pτ )2
)
dx dt
 κ
+
1− s
∫
Ω
θ1−sτ dx
∣∣∣∣
t
t=0
. (29)
Let us take any ε such that 0 < ε < 1/m. Due to Minkovsky–Hölder inequality, we
obtain the following relation:
|θ˙τ |1+ε  (1− ε)
(|θ˙τ |1−εb−r) 11−ε + ε(|θ˙τ |2εbr) 1ε = (1− ε)|θ˙τ |b−s + ε|θ˙τ |2bm−1
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(27) and (29) are followed by inequality
t2∫
t1
∫
Ω
|θ˙τ |1+ε dx dt  C′′ (30)
where the constant C′′ is independent of τ and initial saturation θ(0) ∈ L(0,β)1 (Ω). This
gives the opportunity to conclude that the sequence θ˙τ is weakly convergent in reflexive
spaces L1+ε(t1, t2;L1+ε(Ω)), and the function t → θ(t) is strongly differentiable a.e. with
respect to the norm of L1+ε(Ω).
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